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General Hartree-Fock Solutions for a One
Dimensional 6-Function Gas

Besnik Sykja* and Jean-Louis Calais**
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The one dimensional fermion gas with S-function interactions is studied
within the General Hartree-Fock (GHF) framework. Solutions of the eight
Fukutome types are constructed by pairing and the corresponding gap
equations are solved. The character of the solutions is studied as a function
of the particle density.
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Introduction

Model calculations, even for seemingly unrealistic systems, are often valuable
for getting familiar with methods and procedures which have so far not been
applied to the cases they have been primarily designed for. The Hartree—Fock
method has certainly been applied to numerous systems and its properties are
quite well known. That is not the case, however, with what we prefer to call the
General Hartree—Fock (GHF) method: a one determinantal scheme without any
restrictions whatsoever on the spin orbitals used in the determinant. As a step
in that direction we present in this paper a GHF study of a one dimensional
Fermi gas with §-function interactions.

Herrick and Stillinger [1] have noticed that for a two-particle system confined
to one dimension the ordinary interaction is equivalent to a §-function interaction.
Although for more than two particles no similar result seems to be known, this
indicates a certain correspondence between the problem to be studied in this
paper and a three-dimensional electronic system.
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The §-function interaction potential has been used by many authors for one
electron atoms [2, 3], two electron atoms [4-7], a collection of a large number
of interacting boson-fermion systems [8] and finally for the electron gas in one
dimension [9] and three dimensions [10-11]. As discussed elsewhere [12-13],
the §-function potential not only leads to exactly solvable equations which allows
a test of various theoretical models, but at the same time exhibits some connec-
tions with the real problem, as for instance the fulfilment of the same virial
theorem. Some estimates of various properties of the system are possible by
choosing the strength of the 8-function potential:

Vi =v8(xi —x;) (1)
in a semiempirical manner [14].

We should not forget, of course, the differences as compared with the three-
dimensional coulomb problem, the most important one being perhaps the
existence in the case of He like ions, of only one bound state. Having that in
mind we will be concerned only with the ground state of the one dimensional
Fermi gas with §-function interactions and we will try to find the best ground
state in the one determinant approximation.

Recent studies of chemical reactions [15], linear chains [16], the electron gas
[17] within the GHF-framework, have shown, on one hand, that it is too early
to abandon the one determinant approximation for molecular systems, where
the various GHF-states or the corresponding projected ones, may in many cases
compete with CI-methods [18), on the other that such states for extended systems
offer sufficient flexibility to account for many correlation effects.

AMO (Alternant Molecular Orbitals) [19] and SDW (Spin Density Waves)
[9-10] were early examples for extended systems of the existence of single
determinant states of broken symmetry type with lower energy than the conven-
tional, restricted Hartree-Fock (RHF). What we now call AMOQO’s were also used
in Slater’s theory of antiferromagnetism [20]. After the derivation of general
instability equations for a RHF state [33a] a lot of work has been done, especially
in cyclic polyenes and linear polymer chains [21-26].

Given a set of N spin orbitals occupied in an RHF-state and M — N virtual spin
orbitals forming together the set

Gb={y1, ¢2, .. . YN UN+1, - - - UM}
= {‘l’occ; l!‘unocc} (23)

the most general determinant |®) [27b], can be built up of the first N spin
orbitals of the set

b={b1, P2 ...ON; dN+1, - - - dum}
= {d)OCC’ (bunocc}
= {Woces Wunoec}U (N) (2b)
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where

C _gt
) -s O\)) 3)

vin= (S()\) c\
is a unitary matrix. C(\) is a hermitian N X N matrix, C (A) hermitian (M —N) x
(M —N) matrix, and S(A\) a (M —~N)XN matrix. The unitarity of U(A) implies
certain relations between S(A), C(N) and C(\).

From (2) we have:
d)occ = ll’occ . C(X) + d‘unocc ' S(h) (4)

and by assumption, {s — is a symmetry adapted basis with respect to all symmetry
elements present in the system. X is a matrix of variational parameters (A;;) which
could lead to a state |®) having lower energy than [¥).

In a general spin orbital basis:
(7, {) =du(Fa(l)+ ¢i(F)B) (5)

the most general symmetry group is P X § X T where P is the spatial point group
of the system, S the group of spin rotations and T the group of time reversal.
The group theoretical analysis leads to a general classification of the GHF-states
[(27, 28)]. Thouless [33a] was the first to show the unitary connection between
two determinants |®) and |¥), but the specification (3) of the unitary transforma-
tion of the basis i — and especially the (Eq. 4) made possible an investigation
of the symmetry connection of two determinants |®) and |¥) via the symmetry
of the variational parameter matrix A, which also gave a classification of
instabilities.

We have previously studied [29] a simple connection between this general
procedure and a ‘‘pairing scheme’ — where instead of (4) we mix one occupied
state with an unoccupied one:

‘bk(a §)=l//k(7, {)Mk‘*‘lﬁE(F, {)Uk
k=1,2,...,N ui+vi=1 (6)
E=N+1,N+2,....M  u?—vi=A.

The best matrix A or the best coeflicients u, v are determined by the variational
principle. If a pairing scheme like Eq. (6) is used the minimization can be
expressed in terms of a gap equation [31]. In the present paper we use the orbital
forms of the gap equation developed by one of the authors [30].

The paper is organized as follows. In Section 2 we present the model system,
the structure of the density matrix and gap equations for each of GHF-states.
In Section 3 we obtain numerical solutions of the gap equations and discuss the
obtained results.
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2. GHF-States of the One Dimensional Fermi Gas with 8-Function
Interaction

We use z as the space coordinate. A uniform positive background is assumed
so as to have a neutral system.

The length of the chain is:
L=N-aqa (7)

where N =2(2m +1) is the number of particles. The “unit cell” length a is a
measure of the inverse density:

n=—=— (8
As is well known, the plane waves:

n(k,z)=:/1.—ieikz ©)

with
2

k=EK

m ™
——=sk<—
a a

——=k <=

2 2

multiplied by the spin functions «(¢) and 8(¢) form a possible'set of solutions
of the Hartree-Fock equation for the one dimensional electron gas with either
Coulomb potentials or §-potentials.

In the general spin orbital basis Eq. (5), the Fock-Dirac density matrix is:

N N
;1 i1 banl _; |pi1)(biz| o
p(Fil it =(a B N

) (10)
N 8
z.l |pia)cbi1l _; |i2)bir

which can be written as

p11(F1; F1) P12(f1;F'1))(a)

P(F1§1;F1{1)=(a B)<021(F1;7/1) P22(71;71) 3'

By introducing:

N (F1; F1) = p11(F13 F1) + pan(Fr; 71) (11)
Sy (P13 F1) = 3p12(F1, 71) +p21(F1; 71)] (12a)
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>/ 1 > 2 >, =
Sy(Fl;r1)=2~i[p21(r1;r1)~p12(r1;r1)] (12b)
Sz(Fl;Fi =%[p11(71;7'1)—ﬂ22(l’1;’7'1)] (12¢)
we get

o (1, E; i @) = (@B)Q (s 7 (;‘)
with
QGy; ) =ING 7)) Lo+ - §(Fy, 7). (13)

Here ¢ ={o,, &, 0.} is the Pauli matrix vector and

[ e (14)
1=41

where § is the spin operator.

The effective one electron hamiltonian becomes:
Heag(F) =F(F1) - 1 +a - G(Fl) (15)

where

F(Fl):h1+-]- h12N (Fy; F2) dF,

1 o N g
‘EI hus - Pia - N(is; 7b) dF (16)

and
G(Fy) = —j dFs - iy Pl - S(as 7). (17)

Here #, is the one particle operator, h;, the two particle operator and P, the
permutation operator which interchanges 7, and 75.

The total energy is:

1
E =Eo+j WN(G; 71) dfs 4 [ hioN (71 FON (Fa; 75) dFy dFs

]— > =) Y] - - T T - -
—4J’h1zN(r1;"2)N(72; F1) dFy dfz’—J. h12S (71 73) - S(7a; F1) dFy dis.
(18)

Using this general framework we now study the one-dimensional §-function
system for each one of the eight Fukutome classes.
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2.1. RHF (TICS) State
In this case we have the set (9) of orbitals in the doubly filled scheme:

n(ky, 2)a(§), n(kz, 2)a(l), . .., nlkny2, 2)a({)

n(k1, 2)B(L), nlk2, 2)BQ), . .., nlkny2, 2)B () (19)
with

mw ar
_""'—Ski<—
a

—M=kK;=m.
From Egs. (10)-(12) we get:

sin (mn/2)(z2~2%)

N® (7,5 25)=2 , (20)
m(z2—232)

Se(z2;22) = 8y(22; 22) = 8, (22; 22) = 0. 21)
From Eq. (15) and the equation:

e (zom(k, z1) = e (k, z1) , (22)
replacing k1, by our model potential (1) we get for the one electron energy:

_1p2_1
€ =2k —2Y ' n. (23)

2.2. CCW-State.
We introduce a translation g so far undetermined, in momentum space. The
CCW pairing [29] is:
{¢(k,2)a=(n(k,2)-uk+n(k +4,2) i) ,
@'k, 2)B=(n(k,z) uc+m(k +q,z) ve)B (24)

with the convention: if kK <0, ¢ >0 and if k>0, q <0. The choice g =n/a
corresponds to the “vertical pairing”, which means that in the reduced zone
scheme we mix states with the same k, one of which is occupied and the other
unoccupied in RHF.

We keep a general g and study how the choice of q affects the gap and the total
energy of the system.

In order to avoid non-orthogonality complications we exclude values of g such
that |q| < #/a.

From Egs. (10), (11), (12) and (24) we get:
4 m
——Cg[S,ﬂ _Z Uil (25)

SEEW ;. 41y =_S(yccw)(zl; 2 =8 (2, 2}) =0, (26)

N(CCW) (21, z1)=n +
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For the gap equation [30, 31] we need

/\-k = -
——— Ay =€ — £ 27
Ja-ag
AL = —j HE™ (2 )k, z)m*(k +q, 20) +m(k +q, z0m* (K, 2] dz
(28)
FE = [ dzy # 5 (22, 20mk, 21) 29)
zeew _ j dzy ST (2 )mk +q, 20m*(k +4, 21). (30)
From Egs. (15), (24), (25) and (28) we get:
ccwy 2y o a
A=A =T % weoe=vye L VI-A (31)

which shows that in this case the gap does not depend on k. We get further from
(29) and (30):

FEW 5™ =29 (2k +q). (32)

Combining Egs. (31) and (32) with Eq. (27) we get the gap equation

m A2
B | - = 33
A=yl K:Z_m\/A2+%q2(2k+q)2 33

which has to be solved numerically. The solution of Eq. (33) becomes easier if
we use the fact that N is very large and convert the summation to an integration.

For the total energy, from Eq. (18) we get (with y =1)

m

Ecow—Erur= Y 32k +q)(1—A)—3LA% (34)

K=—m

2.2, ASW State

The corresponding pairing is:

{(b(k,Z)a=(n(k,2)'uk+n(k+q,2)-vk)a (35)
@'k, z)B=(n(k,z) ux—nk+q,z) vi)B
with the same convention for ¢ as in (b), and with the restriction |g|=/a
From Egs. (10), (11), (12) and (35) we get:

NAS™(zy, z1)=n (36)

and

§E (21, 20) =8V (21,20 =0 G7
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2cosqz ™
I 4 Z Ug * Uk, (38)

SPW (24, 29) =
The gap splits into two parts:
AZASW) j dzy HEPS (20) - Ik, 20) - m*(k +q, 24)

+77(k +q9 Zl)n*(k’ le)] (39)

for the « spin orbitals, and

ABASWI_ 4 j dzy HELS™ (2 )[mk, 21) - m*(k +4, 7))
+nk+q, z0)n*(k, z1)] - (40)

for the B-spin orbitals and where #2¢"5™ and #5*™ are the @ and 8
components of the effective operator (15), respectively.

We have also:

grasw [ KPS (1) m (K, z0)m*(k, 24) dz 1)

FO = [ 2 m+a, 20m*k +a, 24 das “2)

with similar expressions for the 8 components. From (15), (35), (36), (37), (38),
(39), (40) we get:

2 m
AZASW) _ A BASW) _ A (ASW) _ Ly ;_ U Vi (43)

A g(CCW)

which is the same as the and indeed independent of k. From Egs. (27),

(41), (42), (43) we get:

(ASW) \/ (A(ASW))
4
A sz (A Lg% (2k +q)° (“44)

which is identical with the corresponding expression (33) for the A““™ For the
total energy we get:

Easw— Erur=Eccw— Erur

as given by Egs. (34).

2.4. TSDW-State
The corresponding pairing is:

{¢(ka z{)zuk ) Tl(k, Z)a(§)+vk ’fl*(k +qa Z)B({)

45
&' (k, 2) = v - e+, 2)(0) + uen* U, 2)B Q) 43
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With the same convention for g as in Section 2.1, and with the restriction
lq| = 7/a.

From Egs. (10), (11), (12), and (45) we get:

N(TSDW) (z1,21)=n (46)
STV, zy=2 i cos [(2k +4)z1] (47)
STV ey, =2 § e vesin [(2K +)z1] (48)
§TSPW) (z1,21)=0. (49)

The gap is given by:

AR TSPV = -J‘ dz1 XS5V (21, @)k, 20 *(k +q, 21)a ((1)B(1)
+n(k +q, z)n*(k, z1)a({1)B1)]. (50)
From Egs. (15) and (45) we get:

8: ™Y =y, (51

which exhibits an explicit k-dependence of the gap AFSPW),

We have also:

ERPW = J dzidfs- e 0" (z1, {omkazm*(k +q, zD)a () (E1)  (52)

grsew =J dz1 dy SV (21, GOn*k +q, 20k +q, 2B (DB EY).
(53)

The expressions for 8-components are exactly the same. From Eqgs. (27), (51),
(52), (53)

L1
AZSPW == ~(2k +q) - q. (54)
2 2
For the total energy we get (with y = 1):

1 2 m
ETsDW“ERHF=—(1) "N+ Y %(1—)\k)(1(2k+q)

3\2a e
40 m  —\?
_Z( ) §J1—,\k). (55)
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2.5. TSDW,-State
By this we mean the state obtained in Overhauser’s way [9, 10]:
{¢(k, z0) =u -k, 2)a () + v - nk +q, 2)B()
@'k, z8) =ux -k, 2)B({)— v - nk —q, )a(()
where q is kept positive for all k, and with |q| =7/a.

For the number and spin density matrices we get:

S
NTPWy (21, 20)=n

2 m
SiTSDWI) (z1,2z1) = z(cos qzi)— X Wbk

K=—m

2. 3
S;TSDWQ(ZI,Zl):g(Sll’lC]ll) Y Ui

K=—m

TSDW
s¢ 1)(21,21)=0-

(56)

(57)

(58)

(59)

(60)

The gap can be split into two parts: for the “spin-up” part and “spin-down”
part in Overhauser’s sense, a terminology suggested by the pairing (56), where
the « spin plane waves are mixed with states to the right of the chosen k-value

and the B-spin plane waves are mixed with states to the left.
Using the same procedure as in the previous cases we get:

“spin up’’:

ATSOW _ j dzy dzy ¥ISe(z1, 22) +iS, (21, ) ks, z0m*(k +q, 21)

N j dz1 dz; YIS, (21, 22) S, (21, 2)In (k +4, z)m*(k, 21)
“spin down”’:

A[;Z(TSDW“) = I dz1dzy y[Sx(z1, 21) +iSy(z1, 21)]77*(](, z)mk —q, z1)

+J. dz1dz, y[Sk(z41, Zl)—isy(zla Zl)]ﬂ*(k -q, z1)n(k, z1)

both of which lead to the same expression:

n

4y
5= Aa(TSle) AB(TSle) il 4 Z U * Dgrn

K=-—"m

For the gap equation we get:

7i ‘/ —qz(zk T

(61)

(62)

(63)

(64)
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For the total energy, always with y = 1 we get:

m

ETSDWI—ERHF—- S kg’ T M1-a)-l6%-L. (65)

k=—m K=-—m

3. Numerical Solutions and Discussions

We have solved Egs. (33) and (64) numerically for the fixed value y =1 for
different ¢ and different densities » = 1/a. Atomic units are used throughout.
In Fig. 1 and Fig. 2 we show the dependence of the gap on g and a. The important
result is that broken symmetry states do not exist for all possible values of q.
One finds instead only an interval, the length of which is dependent on the
electronic density. This feature seems natural because beyond the just mentioned
interval the weight of those mixed states which differ too much in their energies
becomes dominant.

The gap, for both cases decreases with the increase of g within the relevant
interval for any electronic density.

In Sect. 2 we mentioned only CCW, ASW, TSDW and TSDW, states. But if
we let ¢ =m/a then the complex conjugation operator becomes a symmetry

\
20F r
20 TSDW,
(Overhauser’s pairing)
15F cow
ASW
l
10 1.0
051
azb a=2
a=16
0.1 ‘am
O i L —L
018 039 078 1 57 0.8 0.33 078 1 157 2 3

— q
Fig. 1. The gap A as a function of ¢ for different densities (A, q in atomic units)
Fig. 2. The gap as a function of g for different densities (A, g in atomic units)
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10k \:8
Eccwiaswi~Erue

2.0+ N
a=4
-3.0}

ErsowErrr
E-40F -
N
-5.0F
-6.0 F
a=2 230k
-7.0F
-8.01
— | 1 1 i 1 1 ] L 1
018 033 0.78 { 157 3 039 078 1 157 o 3

— q

q
Fig. 3. The difference of energy per particle in the CCW (ASW)-state w.r. to RHF one as a function
of g for different densities (E, g in atomic units)

Fig. 4. The difference of energy per particle in the TSDW,-state w.r. to RHF one as a function of
q for different densities (E, q in atomic units)

element and CCW becomes a TICS (CDW) state and ASW becomes ASDW or
the AMO state.

In Figs. 3 and 4 we show the difference of the energy per electron of the broken
symmetry state with the reference, RHF-state, as a function of the mixing
parameter g and for different values of the electronic density. Whereas the CCW
(CDW) state in the relevant interval is always more stable than RHF for all
densities, for TSDW; this is not the case. For some ¢, and for small and large
densities, TSDW exists, but becomes less stable than the RHF-state, in agree-
ment with Overhauser’s qualitative comments [10]. It is known that the AMO
and SDW states for the electron gas with §-function interaction exist for all
values of vy [9, 11]. In the just mentioned references it is stated also, without
actual calculation that g =m/a, or the “vertical pairing” is the best one. This
agrees with our results.

We also notice the different behaviour of the stability of CCW (CDW) state
(which has the same energy as ASW (AMO) state which increases with the
increase of ¢, in contradiction of the stability of TSDW-state which decreases
when q increases.
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e ——
Ersow; Errr
1.0+ N
201
E
{-3.0F
4.0}F |~ Ecow-Erur
N
5.0}
Fig. 5. The differences of total energies w.r. L ) L L
to RHF as functions of a for g=mu/q (E, a 24 8 12 16 20 30

in atomic units)

The interesting thing is that for g = r/a, the ASDW (AMO) or CDW-state and
also the TSDW,-state exist and have lower energy then the reference RHF-state.
In Fig. 5 we show the dependence of mentioned energy differences of ASDW
and TSDW; on the electronic density for the value g = 7/a. It is found that for
a =3.8 a.u. we have a transition, the TSDW, state becomes more stable than
the AMO state.

We notice also that the degeneracy between the CCW and ASW is due to the
particular §-potential we have chosen and that the assumption of the cancellation
of the attraction to the positive background with the background-background
interaction becomes more questionable in the CCW (CDW)-state,

Finally, the state TSDW, shows up only for g =0, as it is seen from Eq. (54),
because for all other g we get A, outside the interval (-1, 1). But, as is clear
from Eq. (55) the reference RHF-state is more stable than TSDW-state.
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